Chapter 21

Derivations for the Design Equations

The author would like to thank Richard Ozenbaugh of Linear Magnetics for his help with the derivations.
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Output Power, P,, Versus Apparent Power, P;, Capability

Introduction

Output power, P,, is of the greatest interest to the user. To the transformer designer, the apparent power, P,,
which is associated with the geometry of the transformer, is of greater importance. Assume, for the sake of
simplicity, that the core of an isolation transformer has only two windings in the window area, a primary
and a secondary. Also, assume that the window area, W, is divided up in proportion to the power-handling
capability of the windings, using equal current density. The primary winding handles, P;, and the
secondary handles, P, to the load. Since the power transformer has to be designed to accommodate the

primary, P;,, and, P,, then,
By definition:

Rev)

+ P, [watts]

o

5 £0

=—, [watts]

in

= |

[21-Al]

The primary turns can be expressed using Faraday's Law:

v, (10%)
Np—m, [turns]

¢ ac

[21-A2]

The winding area of a transformer is fully utilized when:

KuVVa :NpAwp+NsAws [21_A3]

By definition the wire area is:

[21-A4]

Rearranging the equation shows:

I
KW, =N | £ |+N, 1
"\ J) [21-A3]
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Now, substitute in Faraday’s Equation:

AL [I_p} v, (10') (l_j
AB KA J ) AB, fK\J [21-A6]
Rearranging shows:
B (A RE2) AR
B fIK; K, [21-A7]

The output power, P, is:
o 5

P =V 15, [WattS] [21-A8]

The input power, Py, is:

Mo

=V 1, [watts]

" rip? [21-A9]
Then:
P =P +P, [watts] [21-A10]
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Transformer Derivation for the Core Geometry, K,

Introduction
Although most transformers are designed for a given temperature rise, they can also be designed for a given
regulation. The regulation and power-handling ability of a core are related to two constants, K, and K, by
the equation:
B =2K.,K.a, [watts] [21-BI]
Where:
« = Regulation, [%]
The constant, K,, is a function of the core geometry:

K, =1(4.W

IRV

MLT) [21-B2]
The constant, K, is a function of the magnetic and electrical operating conditions:
K,=g(f.B,) [21-B3]
The derivation of the specific functions for, K, and K., is as follows: First, assume there is a two-winding

transformer with equal primary and secondary regulation, as schematically shown in Figure 21-B1. The

primary winding has a resistance of, R;,, ohms, and the secondary winding has a resistance of, R, ohms:

I11’1 — p RS Io —
T YWy VWA
vy Reg N, Q¢ Ng V, % R,
. ,
Primary Secondary
n= NS/Np =1

Figure 21-B1. Isolation Transformer.

AV
a=""2(100)+ 2%
4 V.

r s

(100) [21-B4]

The assumption, for simplicity, is that R, is infinity (no core loss).
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And:
1, =1, [21-B5]

Then:
AV, =1 R, =AV =IR, [volts] [21-B6]

IR
@ =2-L2(100) [21-B7]

P

Multiply the numerator and denominator by V,;:

IR [V
a =200—2-%| £ | [21-B8]
vV, \V

r r

R VA
a =200—-— [21-BY]
»
From the resistivity formula, 1t is easily shown that:
R (MLT) N‘Z’ {21-B10]
12 VV,,KP p

Where:
p=1.724 (10°) ohm cm
K, is the window utilization factor (primary)
K, is the window utilization factor (secondary)

K =[§" =K, [21-B11]

D
Faraday’s Law expressed in metric units is:

V,=K,fN,4,B,(10") [21-B12]

Where:
K¢ =4.0 for a square wave.
K;=4.44 for a sine wave.

Substituting Equation 21-B10 and 21-B12, for R, and V,, in Equation {21-B13]:

2

E
VA=—"_a [21-B13]
200R,
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The primary VA is:

- (KfprAcBm (10-“))(1<,le, AB, (10‘4))(1 2114l

200(% ’OJ

a*p

Simplify:
KA BLW,K,(107°)
- 2(MLT) p

VA a [21-B15]

Inserting 1.724(10°°) for p:

2 2 42 p2 —4
i 0.29K; f* A’ ByW, K, (107)
MLT

a [21-B16]

Let primary electrical equal:
K,=0.29K f*B(10™) [21-B17]
Let the primary core geometry equal:

K W AK, [em’] [21-B18]
2——’ cm -
£ MLT

The total transformer window utilization factor is:

K, +K, =K,
[21-B19]
K, = Ko _x
2

When this value for K, is put into Equation [21-B16], then:
VA=K,K,a [21-B20]
Where:

K, =0.145K} f*B.(10™) (21-B21]
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The above VA is the primary power, and the window utilization factor, K, includes both the primary and

secondary coils.

WA K, [cm’] [21-B22]
= cm -
£ MLT ’

K

Regulation of a transformer is related to the copper loss, as shown in Equation [21-B23}:

o = Fo (100), [%] [21-B23]

.

The total VA of the transformer is primary plus secondary:

Primary, VA=K K,a
plus [21-B24]
Secondary, VA=K K, «

The apparent power, P,, then is:

P, =(Primary)K,K o +(Secondary) K, K o
(Primary) K, K a +( VKK sy
F=2K K. «a
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Transformer Derivation for the Area Product, A,

Introduction
The relationship between the power-handling capability of a transformer and the area product, A, can be

derived as follows.

Faraday’s Law expressed in metric units is:

V=K, fN,4B,(107") [21-C1]

Where:
K¢ =4.0 for a square wave.
K;=4.44 for a sine wave.

The winding area of a transformer is fully utilized when:

KuVVa =NpAwp+N:Aws [21_C2]
By definition the wire area is:
a,=L, [em?)
J [21-C3]

Rearranging the equation shows:

1 I
e (3)
[21-C4]

Now, substitute in Faraday’s Equation:

o, -2L) (i}, e (LJ
AB KN\ J ) ABSK NI ) a1cs)

Rearranging shows:

W,Ac=[(Vp1”)+(KIS)](IO ) ]
B, fIK,K, [21-C6]
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The output power, P,, is:

1D0 =V 15 5 [Watts] [21_C7]

s

The input power, Py, is:

F,=V,I, [watts] [21-C8]
Then:

P =P +P, [watts] [21-C9]
Therefore:

WA= M, [em®] [21-C10]
B, fJK,K,
By definition:
A, =W, 4, [21-Cl1]

Then:

R(10%)

A=—">1_  [cm’ 21-C12
"B JIKK, fem™] [ ]
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Inductor Derivation for the Core Geometry, K,

Introduction

Inductors, like transformers, are designed for a given temperature rise. They can also be designed for a
given regulation. The regulation and energy-handling ability of a core are related to two constants, K, and
K., by the equation:

(Energy)’ =K,K,a, [21-D1]
Where:

a = Regulation, [%]

The constant, K,, is a function of the core geometry:

K, :f(AE,W",MLT) [21-D2]
The constant, K., is a function of the magnetic and electrical operating conditions:

K.=g(£,B,) [21-D3]

The derivation of the specific functions for, K, and K., is as follows: First, assume a dc inductor could be

an input or output as schematically shown in Figure 21-D1. The inductor resistance is Ry .

L1 12
Lin Ql A~ — Igc
+O ' ' O+
1yl 4 )
CR1 ¢l l CR2 (2,
Vin | & P = 7 | Vo 3R
-0 A O-

Figure 21-D1. Typical Buck Type Switching Converter.

The output power is:

P =1V, [watts] [21-D4]

dc” 02

=If’;/i(100), [%] [21-D5]

o
The inductance equation is:

L 0.47rNZIAC (10)

g

, [henrys] [21-D6]

Copyright © 2004 by Marcel Dekker, Inc. All Rights Reserved.



The inductor flux density is:

-4
5 - 0.47rN;,( (107)

g

, [tesla] {21-D7]}

Combine Equations [21-D6] and [21-D7]:

NA (107
L : ( ) [21-D8]
Bdc de
Solve for N:
L1, (10%)
N=-———= [tums] [21-D9]
Btl(‘ Ac
From the resistivity formula, it is easily shown that:
R (MLT)N‘i [ohms] {21-D10]
= ——p, [s) S -
L WK, P

Where:
p=1.724 (10°) ohm cm

Combining Equations [21-D5] and {21-D10]:

v W K

o a u

(1, J((MLT)N; J
a=| e | L2 51100), [%] [21-D11]

Take Equation [21-D9] and square it:

B, 4

de “7c

N? =[£€'—j (10°) [21-D12]

Combine Equations [21-D11] and [21-D12]:

a:[ldc (MLT)pj( Ly ] (10°) [21-D13]

V;WHKM Bchz‘

Combine and simplify:

]dc(I'ILT)(L]dr)2 10
= 10°) [21-D14
” [ V,W,K,B; A p|(10°) 1 ]

a*rutde e
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Multiply the equation by I / 14. and combine:

(MLT)(L72 )
|\ VI WK B.A

dc u™de e

p|(10°) [21-D15]

The energy equation is:

2
de

Energy = [watt-second]

[21-D16]
2Energy = L1,

Combine and simplify:

P.B; W.KA

: MLT
o 2{(2Energy) ][ID( )](1010) [21-D17]
de a“rutc

The resistivity 1s:

p=1.724 (10°) [ohmcm] [21-D18]

Combine the resistivity:

L [6.89(Energy)2 ]( (MLT)

F,B, WK A

j(104) [21-D19]
de

Solving for energy:

2
(Energy)’ =0.145P, B (Wh:Lf )(10")(1 [21-D20]

de

The core geometry equals:

W AK, ;
K, ==t [em’] [21-D21
¢ T TMLT [em’] [ 1

The electrical conditions:
K, =0.145PB; (107) [21-D22]
The regulation and energy-handling ability is:
(Energy)’ =K, K,a [21-D23]

The copper loss is:

%(100), [%] [21-D24]

o

o=
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Inductor Derivation for the Area Product, A,

Introduction

The energy-handling capability of an inductor can be determined by the area product, A,. The area
product, A, relationship is obtained by the following: (Note that symbols marked with a prime (such as

H"), are mks (meter-kilogram-second) units.)

E=1%_ N9 (g
dt dt

Combine and simplify:

L=N% 2182
dl

Flux density is:

¢=B,A4 [21-E3]

o AN R
. [MPL'J
I+
Hen
NI A
g=—HMA 1y gsy
[ MPL']
L+ —
Hon
NA
d¢ — lLlO 4 [21_E6]
dl MPL
" Hm
Combine Equations [21-E2] and [21-E6]:
)
L= Nﬂ :AN_AC_ [21-E7]
da [MPL')
I+ —
Hon

The energy equation is:

”

Energy = %, [watt-seconds] [21-ES8]
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Combine Equations [21-E7] and [21-ES8]:

Energy = L21 =—"2 < —— [21-E9]

If By, is specified:

Combine Equations [21-E7] and [21-E10]:

2
(e
u, N> A4 Hin

Energy = [21-E11]
. (MpPL HN
201+ —
) My
Combine and simplify:
a2 (M)
Energy = M [21-E12]
2u,
The winding area of a inductor is fully utilized when:
KWo=NA, 131E13]
By definition the wire area is:
1
Y J [21-E14]
Combining Equations [21-E13] and [21-E14]:
Kll a = N(—I_'J
JJ [21-E15]
Solving for I:
L
= KPS fn /) 121-E16]
N H N
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Rearrange Equation [21-E16]:

[ MPL_KF T 1 )
Hn B,
Now, substitute in Energy Equation [21-E11]:
BZ ( Ku W;Jlluo ]A'
m Bm (4
Energy = [21-E18]

2u

0

Rearrange Equation [21-E18]:

L .
Energy:[i’"A”)[K“VE‘Jy"] [21-E19]

o m

Combine and simplify:

B, KW.J A

> J [21-E20]

Energy = [

Now, multiply mks units to return cgs.

w,=w,(10™)

A =4,(107)

J' =J(10%)

MPL =MPL(107)
I, =1,(107)

4 g

We can substitute into the energy equation to obtain:

B KW JA
Energy = —'uz—“‘]—f(m‘“) [21-E21]
Solve for the area product:
Ap = I/Vu Ac
2(Ener 21-E22]
_2Eneey) oy |
’ B JK,

Copyright © 2004 by Marcel Dekker, Inc. All Rights Reserved.



Transformer Regulation

The minimum size of a transformer is usually determined either by a temperature rise limit, or by allowable
voltage regulation, assuming that size and weight are to be minimized. Figure 21-F1 shows a circuit
diagram of a transformer with one secondary.

Note that o = regulation (%).

in —» P s Iy —»
YWV VA
Vo R, Np Ng Vo R,
Y
Primary Secondary
n= Ns/Np =1

Figure 21-F1. Transformer Circuit Diagram.

The assumption is that distributed capacitance in the secondary can be neglected because the frequency and
secondary voltage are not excessively high. Also, the winding geometry is designed to limit the leakage
inductance to a level low enough to be neglected under most operating conditions. The transformer

window allocation 1s shown in Figure 21-F2.

174
7" = Primary = Secondary [21-F1]

N
N

7
Secondary

%)

Figure 21-F2. Transformer Window Allocation.

Transformer voltage regulation can now be expressed as:
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In which, V(N.L.) is the no load voltage, and V,(F.L.) is the full load voltage. For the sake of simplicity,
assume the transformer in Figure 21-F1 is an isolation transformer, with a 1:1 turns ratio, and the core

impedance, R,, is infinite.
If the transformer has a 1:1 turns ratio and the core impedance is infinite, then:

I =1, [amps]

n o

R =R, [ohms]

[21-F3]

With equal window areas allocated for the primary and secondary windings, and using the same current

density, J:

AVP = Iin Rp = AVS = ]oRs’ [VOltS] [21-F4]

Regulation is then:

AV, AV,
a=—=%(100)+—=(100), [%]
Y, : [21-F5]
Multiply the equation by currents, I:
AV I, AV
=220 (100)+ 2% L (100), (4]
V, 1 Vi, [21-F6]

Primary copper loss is:
P =AV,I,, [watts] [21-F7]

Secondary copper loss is:

135 :AV;IO, [wal‘ts] [21_F8]
Total copper loss is:

P, =P +F, [watts] [21-F9]
Then, the regulation equation can be rewritten to:

a=%(100), [%] [21-F10]

o
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